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ABSTRACT

Fabry-Perot (F-P) interferometers are commonly istudn undergraduate textbooks. Their spectral
transmittance profiles are usually analyzed assgrfiat a plane wave is incident on the interfer@met
This wave undergoes multiple reflections on theriigrometer surfaces, and the interference ohalie
waves leads to the typical resonance structurbetpectral transmittance profile described byAing
formula. However Fabry-Perot interferometers ammonly used in conjunction with laser beams, for
example when they are used as intracavity-waveteaigtl longitudinal mode-selecting etalons. Although
it is evident that the finite size of the beam witbduce a deterioration of the filtering charasters of

the F-P interferometer, this effect is not usuahalyzed in undergraduate textbooks. The aim &f thi
work is to show students how the finite size of theident beam influences the spatial and spectral
response of the F-P interferometer. In particulawill be shown that the spectral response of tHe F
interferometer can significantly differ from thategicted by the Airy formula. The theoretical apgrb

is based on a plane-wave angular spectrum repeggentof the incident, transmitted, and reflected
beams. The incident beam is assumed to be gaumsihthe cases of normal and oblique incidence are
discussed.
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1. INTRODUCTION

Beam Optics is a subject rarely discussed in umddtgite Optics textbooks [1-4]. The treatment of
optical wave propagation is usually restricted l@np waves. Nevertheless they are unrealistic lsecau
they extend spatially over all of space, with canstamplitude, and carry infinite total energy. Rea
waves have the form of bounded beams, spatiallglitced, and with finite energy content. Since the
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advent of the laser the study of optical beamselxpgrienced a strong development [5-7]. Opticahixea
also play an essential role in the rapidly growiegearch area of nano-optics [8].

In undergraduate Optics textbooks the analysishefpgerformance of many optical devices is usually
carried out assuming that the incident wave issa@lwave. One typical example is the Fabry-Pem} (F
interferometer [1-4]. The spectral dependence eftthnsmittance of this device is usually deduced b
adding the multiple waves generated by the refdestiundergone by the incident plane wave on the
surfaces of the etalon. The interference of alls¢hevaves gives rise to the characteristic spectral
dependence of transmittance described by the Aunction. Nevertheless, FP interferometers are
commonly used as intracavity wavelength selectoraser cavities so that they interact not withnpla
waves but with laser beams. If the FP etalon tedibn angleéd, relative to the laser beam axis, the finite
spatial extent of the laser beam prevents the dpditial overlap of the multiple waves generated by
reflection on the surfaces of the etalon. This pithduce a deterioration of the filtering charaistars of

the F-P interferometer and the spectral dependefdbe transmittance will be different from that
predicted using plane waves.

The aim of our paper is to familiarize the studeith the physics of beam optics: how optical beanes
described, and how different the performance oifcaptievices can be when real optical beams, idstea
of plane waves, are used. For that purpose we tlavgen the simplest type of beam provided by a lase
source: the Gaussian beam [5-7], and an opticateevell known by the students: the FP interfere@net

In order to simplify the analysis as much as pdesie have used the simplest realization of a Bt
a dielectric slab of thickne$sand refractive inder, immersed in a medium of refractive indax In the
calculations carried out in the paper we have assutime following values for the relevant parametdrs
the systemiyene=632.8nmh=4mm, n=1, and p=2.6 (the refractive index of ZnSe fAfiene).

2. PLANE WAVES

The transmittance and reflectance of a plane wasieént on the etalon at an andleto the normal can
be analyzed by adding the amplitudes of the irdimumber of partial waves produced by multiple
reflections at the two surfaces [1-4, 9]:

X(//”/”/”
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th &t
Figure 1. Reflection and transmission of a plane wave indiderthe FP etalon

h

This derivation was first carried out by G. B. Ainy 1833 and the expressions obtained are usually
known as the Airy’s formulas [9]:
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In these expressionsis the phase delay between two partial waves due taddigonal round tripd, is
the wavelength in vacuum aitthe reflectance of the etalon surfaces. According té-thenel formulae:

where:
n=n cog8,)
, =n, coy4,)
for TE polarization, and:
n=n seqd)
n, =n, sed6,)

for TM polarization.

(5)

(6)

(1)

(8)

(9)

According to equation (2), the maximum value of the etatansmittance will beT}™ =1, and the

1

minimum valueT" (6,) :F(Ql)

. In the system we are studying the index conisasi/n,=2.6 and

the reflectance of the etalon surfaces at normaidémce is smallR(8;=0°)=0.2. In consequence,
Ti" (6, =0°) = 0.4E and the filtering performance of the FP etalomatmal incidence is quite limited.

However, in the case of TE polarization, when thgla of incidence increases the reflectance of the
etalon surfaces also increases and the perfornainde FP etalon improves (see Fig. 2.a). Finally,
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angles of incidence high enougfX85°) the minimum value of the transmittance becoprastically
zero (T"(6,) <0.02).
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Figure 2. Maximum and minimum transmittance of the FP etasra function of the angle of incidence (in
degrees) for plane waves with: a) TE polarizat@riTM polarization

The case of TM polarization is quite different: wh& is increased from normal incidence the reflectance
of the etalon surfaces decreases and becomes z&mwster's angle §=69°). The incident wave is

totally transmitted by the FP etalon at this ar@i&" (6, ) =T+ (6,) =1) independently of the value of
the wavelength. Therefore a good filtering perfonoeof the FP etalon for TM polarization can onty b
achieved at very high angles of incidence (seeZly.

The transmission of the FP etalon is maximaiff{ =1) when

0=2 i—” n, h cog6,)= ar, m=any integer. (10)

o

By usingA,=c/v, wherec is the velocity of light in vacuum andis the optical frequency, condition (10)
can be written as

c
-m— . 11
n=M3 n, h cogé,) an

Thus, for a fixedd,, the frequencies of unity transmission are equadgced. The separation between two
consecutive resonance frequencies is calfiest $pectral range”:

c
Avsy,, -V, =————. 12
™™ 2n, h cogd,) 12)
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The spectral dependence of the etalon transmittemcgeveral angles of incidence is shown in Fig. 3
(TE polarization) and Fig. 3.b (TM polarization).s Ahe free spectral range depends &n the
frequencies have been normalizeddwyin order to make them comparable.

Transmittance
Transmittance

Figure 3. Spectral dependence of the etalon transmittancesdueral angles of incidenc#&£0°: blue;
6,=20°: green;f,=40°: red;8=69°: brown;8,=85°: black). The incident waves are plane wavdh:va) TE
polarization; b) TM polarization

In the case of TE polarization it can be obseryed Whené increases not only the contrast between the
maximum and minimum transmittance increases bottaks peaks become sharper.

The use of the FP etalon as a spectrum analyzairesghat the width of the transmission peaksrballs
and the free spectral range be wide. Thus, théutiso of the FP etalon is usually characterizedtosy
“finesse” defined as the ratio of the free spectral rarggthe full width of the transmission peaks at their
half-maximum values (FWHM):

Finesse= (13)

FWHM

The dependence of the finesse of the FP etalomeangle of incidence for TE and TM polarization is
shown in Fig. 4. In the case of TM polarizationg(F#.b) the finesse is not defined for 249, <81°,
T (6)

>

because in that ranggy" () >
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Figure 4. Finesse of the FP etalon as a function of theeaofjincidence (in degrees) for plane waves with: a
TE polarization; b) TM polarization

3. GAUSSIAN BEAMS
3.1 Main Features

Gaussian beams are the simplest type of beam ma¥ig a laser source [3-7, 10]. The spatial strectu
of the fundamental mode TEjylpropagating along the Z axis is given by:

E(Xéoy ’Z)zwv(voz) exp{'ijf(ﬂ ex‘{'ik[”%(yz)zﬂ ex% tdﬁ(z_iﬂ' .

where k :2777 is the wavenumber of light in the medium, and

w(z) = w, 1+(z£j (15)
R(z)=z {1+ (Z—;)Z} (16)
7 = ”Awg | 17)

According to eq. (14) at any transverse planeonstant the beam intensity decreases by a fafoat
the radial distancg/x* +y® = W(z). As most of the power carried by the beam (86%itkin a circle
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of radius W(z) in the transverse planav(z) is usually regarded as the beam radius (or beatthwiThe
beam radius is minimum) at the plane z=0 (beam waist) and increases roaiwatly with z (see eq.
(15)). The minimum value of the beam radigsis thus known as thewaist radius’, and 2w, is usually
called the $pot size”. At a distancez, from the waist (Rayleigh range) the cross-sectianea of the

beam doubles (see eq. (15)). Therefore the dist@mgecan be considered as an estimation of the beam

waist dimension along the Z axis and is calledpth of focus’. At large distances from the waist (
z>> z,) the beam diverges as a cone of full-angular width

0=21 (18)
TTW

[o]

The smaller the waist radius,, the smaller the depth of focus and the faster tbam diverges.
According to egs. (14)-(18), once fixed the valudsk, and A, the shape of the Gaussian beam is
governed only by the waist radius.

3.2 Transmission of a Gaussian beam through a Fabry-Perot etalon

In order to analyze the transmission of a Gaudsé&am through the FP etalon considered in sectiwg 2
have decomposed the Gaussian beam into plane laaepropagate in all three dimensions (angular
spectrum representation) [8]. For each incidennelavave we have calculated the reflected and
transmitted plane waves using the standard proeedutlined in section 2 but generalized to include
three-dimensional wavevectors. Finally the toteldion a plandl, (I1,) at a distance;4z) from the
etalon (see Fig. 5) has been calculated by addingaasmitted (reflected) complex plane waves with
their appropriate phases.

M
6 '
Z; Z,

| n,
|

h $ gzk n2

Z; Ny

My

Figure 5. Reflection and transmission of a Gaussian beardeéntion the FP etalon

The transmittance of the FP etalon has been c#étllas the ratio of the transmitted energy flux
(obtained by spatial integration on thkg plane of the intensity of the transmitted beamjhi® incident
energy flux. The same procedure has been followedbtain the reflectance of the FP etalon. The
number of points in k-space has been conveniehtigen in order to get good convergence.

According to section 3.1, if the wavelengttand the peak amplitude of the fidkg are known, the only
parameters required to completely characterizéntident Gaussian beam are the direction of thenbea
axis, the location of the waist, and the waistuadi,. In our simulations the direction of the beam asis
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specified by the angle of incidenég The waist is assumed to be located;a1@ cm. from the etalon
and we have analyzed the transmission of the HBnefar three different values of the waist radius:
W,=0.25 mm., 0.5 mm., and 1 mm. The plafksndll, are assumed to be at a distance z =10 cm.
from the etalon. The values &fr andR-r have been calculated for a large number of wagthsnclose
10 Apene=632.8 nm in order to obtain the spectral respafisiee FP etalon.

The results obtained in the calculations show thatmaximum transmittance is achieved for the same
wavelengths and angles of incidence as in the plane case (see Fig. 6), so that eqgs. (11)-(123tdle
valid for Gaussian beams.

08|
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Figure 6. Transmittance of the FP etalon as a function efahgle of incidence (in degrees) for plane waves
(blue line) and Gaussian beamg$@.25 mm., red line) with TE polarization and warejthA=632.815 nm.

However the maximum and minimum values of the etatansmittance significantly differ from those
obtained with plane waves (see Fig. 7). When thgeaof incidence increases from normal the filtgrin
performance of the FP etalon worsens. The smdleengist radiusy, of the incident Gaussian beam, the
faster the deterioration of the filtering efficigncThus, if the waist radiugy, is small enough, for a
certain angle of incidence the FP etalon stoperiilg. Surprisingly, for high values @ the filtering
ability of the FP etalon is recovered.
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Figure 7. Maximum and minimum transmittance of the FP etasra function of the angle of incidence (in
degrees) for plane waves (black) and Gaussian besntifferent waist radius (color) with: a) TE

polarization; b) TM polarization

The spectral response of the etalon for severdeangf incidence is represented in Fig. 8. A corigoar
with the results obtained with plane waves (Figst®)ws the strong degradation of the filteringodincy
of the etalon when is illuminated by a Gaussiambeaspecially for TE polarization (compare Fig 3.a

with Fig. 8.a).
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Figure 8. Spectral dependence of the etalon transmittance séwveral angles of incidenceg£0°:
blue; 8=10°: grey; =20°: green;£=40°: red; &=75° brown; &=85° black). The incident wave is a
Gaussian beam of waist radiug~®.5 mm. with: a) TE polarization; b) TM polarizati.

The dependence of the finesse of the FP etaloruled¢d according to eq. (13)) on the angle of
incidence for TE and TM polarization is shown ig.F.
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Figure 9. Finesse of the FP etalon as a function of theeaafincidence (in degrees) for plane waves (black
lines) and Gaussian beams of different waist rafliygs1 mm. (blue points); y=0.5 mm. (red points)) with:
a) TE polarization; b) TM polarization

It can be observed that for high angles of incigethe finesse is greater for TE polarization thamTiM
polarization. Therefore, on the basis of the raesobtained for plane waves, it is expected that the
filtering performance of the FP etalon be betterT& polarization than for TM. However this is rsm
clear because, for example, the contrast between miaximum and minimum transmittance (

Proc. of SPIE Vol. 10452 104524E-10



T (6)-TH"(6,)) is greater for TM polarization (see Figs. 7, Bherefore, when the maximum

transmittance is less than 1 (as usually happemnlie FP etalon is illuminated by a Gaussian beam)
the value of the finesse is not enough to charizetéhe filtering performance of the etalon.

4. DISCUSSION

The filtering of the FP etalon is the result of thierference of the multiple waves generated figcton
at the two surfaces of the etalon. That requiresaerlapping of the waves. In the case of an ewtid
plane wave its infinite spatial extent assurescthraplete overlapping of the multiple waves for amgle
of incidence, giving rise to the typical resonasteicture of the spectral transmittance profilecdbsd
by the Airy’s formula.

However, in the case of an incident Gaussian bdhe finite transverse spatial extent of the beam
prevents the complete overlapping of the wavesmgatenormal incidence.

Let us considered, for example, a small portioa glerfectly collimated beam of finite transverséeak
“A” incident on the etalon (red line in Fig. 10)hé& fraction that emerges from the etalon after 2
reflections is shifted a distance:

2 (n /n,) sing,

\/1—(nl In,)” sirté,

Ax=2x=2(h targ,)=h (19)

<X

hI y \We
n, \>

Figure 10. Transmission of a Gaussian beam incident on thet&Bn at low angle of incidence

|
|
n; AX :
|

As the angle of incidencé, increases from normafjx increases, the overlapping of the partial waves
decreases and the filtering efficiency of the Ftogt worsens. This result explains the performari¢he
FP etalon at low angles of incidence obtained ittice 3 (see Fig. 7). Nevertheleg is a strictly

increasing function of,, so it cannot explain why the filtering ability tfe FP etalon is recovered at
high angles of incidence.
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The reason is that the relevant magnitude to cteniae the overlapping of the waves is alstbut 4s,
the relative displacement between two consecutigeew in the direction of the transmitted beam (see
Fig. 11):

As=Ax cosf, =h (n./n,) sin(28))
J1-(n /n,) sirts,

(20)

Figure 11. Transmission of a Gaussian beam incident on thet&Bn at high angle of incidence

When & is increased the distance within the etalon betws@ consecutive waveslX) increases.
However, that distance decreases (by a factof,resen the waves leave the etalon (see Fig. 11).

The dependence ofs on the angle of incidence for the FP etalon usedur study if,=1, n,=2.6;
h=4mm.) is shown in Fig. 12.
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Figure 12. Displacementds (in mm.) as a function of the angle of incidenitedegrees) for the FP etalon
used in our study

It can be observed thals is maximum for8,=45°. Thus it is expected that the greatest ovesfajine
waves, and therefore the best filtering efficienéyhe FP etalon, occurs at both low and high angfe
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incidence. When the relative displacement betwaendonsecutive wavegl§) is greater than the spot
size @w,) of the incident Gaussian beam:

As(g)z 2w, (21)

the partial beams generated by reflection at thtaseis of the etalon do not overlap and the FRoetal
stops filtering. Eq. (21) and Fig. 12 can be useddduce the interval of values &ffor which the etalon
will not filter. For example, for the values wf used in section 3:

Wo=1 mm.: Filtering is achieved for &,

W,=0.5 mm.: 21L4,<72°,

W,=0.25 mm.: 1626, <81°,

in good agreement with the intervals obtained engimulations (see Fig. 7).

In these intervals the transmittance of the FRoatdbes not depend on the waist radius of the Gauss
beam (see Fig. 13). The partial beams generatedflegtion at the surfaces of the etalon do notlaype
and the transmittance of the etalon can be cakuilay adding théntensities of the multiple beams

transmitted:

2 _ Py
T =T?(1+R*+R*+ ) T__4-R) (22)

where T and R are the transmittance and the reflectance of thdore surfaces, respectively. The
simulation of the curv&gp obtained using egs. (22) and (5) confirms thisltdgreen line in Fig. 13).
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Figure 13. Maximum and minimum transmittance of the FP etalsra function of the angle of incidence (in
degrees) for plane waves (black) and Gaussian beadifferent waist radius (y¢1mm.: blue; w=0.5mm.:
red; w=0.25mm.: brown) with: a) TE polarization; b) TM lpnzation. The green line represents the
transmittance obtained by adding theensities of the multiple beams transmitted (no interfereaceng the

beams) (eq. (22)).
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5. CONCLUSIONS

The analysis of the transmittance of a FP etaloanw illuminated by a Gaussian beam is a goodafay
introducing the physics of optical beams to stusle®n the one hand, the performance of the FPretalo
when is illuminated by plane waves is quite welbwm by students. On the other hand students can
realize how essential properties of optical beaasstheir finite tranverse spatial extent, can gfhpn
modify the performance of optical devices, that banquite different from that predicted using plane
waves.

ACKNOWLEDGEMENTS

This work has been funded by the Fondo Europeoataiollo Regional (FEDER); by the Ministerio de
Economia y Competitividad under project TEC2015Z&83C03-01-R; by the GobiernoVasco/Eusko
Jaurlaritza under projects 1T933-16-13, IT-779-18d aELKARTEK (KK-2016/0030 and KK-
2016/0059); and by the University of the Basque r@gu(UPV/EHU) under program UFI111/16.

REFERENCES
[1] E. Hetch, “Optics”, & edition (Global Edition), Pearson Education Lirdit@017.
[2] F.L. Pedrotti, and L.S. Pedrotti, “Introductiém Optics”, 2¢ edition, Prentice-Hall, 1993.

[3] B.E.A. Saleh, and M.C. Teich, “FundamentalsPbibtonics”,  edition, John Wiley and Sons: New
York, 2007.

[4] R. Guenther, “Modern Optics”, John Wiley andnSpoNew York, 1990.

[5] A.E. Siegman, “Lasers”, University Science Bepk986.

[6] O. Svelto, “Principles of Lasers”"4edition, Springer, 1998.

[7] W.T. Silfvast, “Laser Fundamentals™“2dition, Cambridge University Press, 2004.

[8] L. Novotny, and B. Hecht, “Principles of Na@ptics”, 2 edition, Cambridge University Press,
2012.

[9] M. Born and E. Wolf, “Principles of Optics”™edition, Cambridge University Press, 2005.

[10] Michael Bass (Ed.), “Handbook of Optics” (sgoned by the OSA), Vol. 1,"2 edition, MacGraw-
Hill, 1995.

Proc. of SPIE Vol. 10452 104524E-14



