Equation of conservation of irradiance
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ABSTRACT
The equation for the conservation of irradiance is deduced from the paraxial wave equation. This formulation
is presented in an optics Masters course, with the aim of showing to students its utility in the recuperation of

the phase of a wavefront with just the measurement of irradiance.
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1. THEORY
From the paraxial wave equation
(VZ + 2ik ‘—9-)14:0, m
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where V* is the Laplacian operator St 5| and u(r)=1""“(r)exp(ip(r)). Multiplying
ox* oy

the left side of equation (1) by # *(r) we obtain

2iku*-aa;u+u*V2u=0, )

Now taking the conjugate of equation (1) and multiplying the left side by (7 ) we obtain

—2iku§u*+u\72u*=0. €)]

Subtracting equation (3) from (2) gives

Zik(u*gzu-rug—u*)+u*V2u—uV2u*=0. 4)
z

Equation (4) may be simplified as follows
., 0
2ik -a---(uu*)+u*V‘?zl—uVZzz*:O. o)
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Since uu* = I we have
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2ik S (1) +u*Viu—-uviu*=0. ©)
0z
To simplify the last equation we make use of the vector identity

u*V‘?u—uV‘?u*zV~(u*Vu—uVu*), )

thus equation (6) becomes

2ik2(1)+V-S=O, 8)
1574

where S=u*Vu—uVu* Since u(r)=1 l/z(r)exp(i(o(r)) one obtains ¥ * Vu —uVu* =2ilVep
and thus equation (8) becomes, after simplification,

k§-(l)+V-(1V¢)=O. ©)
zZ

Now if we substitute the phase @ for kW , where the function W =W (x,y) is the aberration function,
we obtain the equation for conservation of irradiance

(%(I)+V-(]VW)=0. (10)

At this point we may recall that equation (10) is similar to equation for the conservation of electric charge.
Performing the volume integral of equation (9) and aplying the divergence theorem

IV (IVg@)dv = I(IV(O) -da to the second term, one obtains J‘—gl—dv + leW da=0.
z
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Considering that VW and da are almost parallel and that dv = dadz, the integral is satisfied only if
Ol + IVW =0, from which we finally obtain

|VW|=—QI£. an

Equation (11) shows that the modulus of the gradient of the aberration function is equal to the term —

. \7i
which can be irfterpreted as a relative variation of /. Recording measurements of ~—— in two transverse

planes along the optic axis, we thus may obtain information on the aberration function.
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